REMO GARATTINI 



Harnack's Inequality on Homogeneous Spaces 



Abstract. We consider a homogeneous space X — {X,d,m) of dimension ly > 
1 and a local regular Dirichlet form in {X, m) . We prove that if a Poincare 
inequality holds on every pseudo-ball B{x,R) oi X, then an Harnack's inequality 
can be proved on the same ball with local characteristic constant cq and ci 

1. Introduction and Results 

We consider a connected, locally compact topological space X. We suppose that 
a distance d is defined on X and we suppose that the balls 

B {x,r) ^ {y ^ X : d{x,y) < r} , r > 0, 

form a basis of open neighborhoods of a; e Moreover, we suppose that a (positive) 
Radon measure m is given on X , with suppm — X. The triple {X, d, m) is assumed 
to satisfy the following property: There exist some constants < Rq < +oo, ly > 
and Co > 0, such that 

(1.1) < Co (^^y m{B{x,R)) <m{B{x,r)) 

for every x € X and every Q < r < R < Rq. Such a triple {X,d,m) will be 
called a homogeneous space of dimension v. We point out, however, that a given 



exponent v occurring in (1.1) should be considered, more precisely, as an upper 
bound of the "homogeneous dimension" , hence we should better call {X, d, m) a 
homogeneous space of dimension less or equal than v. We further suppose that 
we are also given a strongly local, regular, Dirichlet form a in the Hilbert space 
Li^ {X,m) - in the sense of M. Fukushima - whose domain in L^{X,m) we 
shall denote by T) [a]. Furthermore, we shall restrict our study to Dirichlet forms 
of diffusion type, that is to forms a that have the following strong local property: 
a (u, v) = for every u,v € V [a] with v constant on supp u. We recall that the 
following integral representation of the form a holds 

a{u,v)— / ^{u,v){dx), u,wel?[a], 
Jx 
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where ^ {u, v) is a uniquely defined signed Radon measure on X, such that /i (d, d) < 
m, with d £ "Dioc [a]', this last condition is fundamental for the existence of cut 
off functions associated to the distance. Moreover, the restriction of the measure 
fjL (it, v) to any open subset f2 of X depends only on the restrictions of the functions 
u,v to f7. Therefore, the definition of the measure /i(u,w) can be unambiguously 
extended to all m-measurable functions u,v on X that coincide m — a.e. on every 
compact subset of with some functions of V [a] . The space of all such functions 
will be denoted by Vioc [a, ri] . Moreover we denote by V [a, fi] the closure of V [a] n 
Co [il] in V [a] . The homogeneous metric d and the energy form a associated to the 
energy measure /i, both given on a relatively compact open subset Xq of X with 
C Xq, are then assumed to be mutually related by the following basic assumption: 
There exists an exponent s > 2 and constants ci, ci > and fc > 1, such that 







i): for every x £ Xq and every < R < Rq the following Poincare inequality 
holds: 



(1.2) J \u — ub[x.fi)\ dm < ciR? J fi{u,u){dx) 

B{x,R) B{x,kR) 

for all u E D [a, B {x, kR)], where 

1 



m{B (x,i?)) 



udm. 



B(x.,R) 



ii): By i), for every x € Xq and every < R < Rq, the following Sobolev 
inequality of exponent s can be proved: 



/ 



(1.3) 



1 



m{B {x,R)) 



\ 



dm < ciR 



fi{u,u){dx) 



B(x,R.) 



3{x,R) 



where u £ V [a, B {x, k R) 



and supp u C B (x, R). Instead of working with 



the fixed constants of ( |l . if ) and( [l.2| , |l.3D , we make this simple generalization 
(1.4) Co Co {x) and Ci Ci (r) , 

where Co (x) , Cq ^ (x) G L'^^ (Xq) and Ci (r) is a decreasing function of r. Then 
we assume: 
iii): 



(1.5) 



J \u-ub{x,r)\^ dm<cl{R)R^ J fj,{u,u){da 



B(x,R) 



B(x,kR) 



By iii) the following Sobolev type inequality may be proved 
iv): 



(1.6) 



I 



m{B {x,R)) 



1 



B(x,R) 



m{B (.T,i?)) 



/i (m, u) {dx) 



B(x,R) 



where u is as in i) and ii) and where we have defined r = sup 



yB{x,2R) J 

Our purpose will be the Harnack's inequality recovery for Dirichlet forms when the 
substitution (|l.4|) is performed. 



Theorem 1 (Harnack). Let (1.1) , ( |l.5D , (l.€) and ( |l.4D hold, and let u be a 
non-negative solution of a{u,v) ~ 0. Let O be an open subset of Xq and u € 
Vioc [O] , Vt; e Po [O] with B (.T, r) C O, then 

ess supu < exp 7/i'/i^ ess inf u, 

where 7 = 7 (r^, A:), A; a positive constant, ji' = rci (0 anc? = r'^ci (0 . ^ standard 
consequence of the previous Theorem is the following 

Corollary 1. Suppose that 
R 

(1.7) [ e-'f^'-'^P')^ ^ 00 for r^O 

J P 

r 

then the solution is continuous in the point under consideration. In particular, if 
H (x, p) ~ ^loglog , then there exists c > such that 

OSC U < C—. osc u. 

B{x,r) {\0gi:)B{xM) 

From the point of view of partial differential equations these results can be 
applied to two important classes of operators on R": 

a) : Doubly Weighted uniformly elliptic operators in divergence form with mea- 
surable coefficients, whose coefficient matrix A ~ (flij) satisfies 

w{x)\^\' <{AC,0 <v{^)\^\'- 

Here (•, •) denotes the usual dot product; w and v are weight functions, respec- 
tively belonging to A2 and Dqo such that the following Poincare inequality 



B 



holds. 

Doubly Weighted Hormander type operators^, whose form is L = (a^^ {x) Xh) 
where Xh,h — 1,... ,m are smooth vector fields in R" that satisfy the 
Hormander condition and a — (a''*^) is any symmetric m x m matrix of 
measurable functions on R" ,such that 

w (x) J2 0' < E (^) < « (^) E 0' , 

i i,j i 

where Xi£^ (x) = {Xi, V^) , i = 1, . . . ,m, is the usual gradient of ^ and 
(•,•) denotes the usual inner product on R". Then the following Poincare 
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inequality for vector fields 



\f (x) - fsl'^vdx < cr 



holds, with w e A2 and v € Do 



2. Harnack's Inequality 

We prove the Harnack's Inequality of Theorem (|l|) for a non negative solution 
u > 5 > and with a constant C independent of 6. The result of Theorem (|l|) is 
obtained passing to the limit S ^ 0. 



Lemma 1. Assume that {^) , and hold. 

Let u be a non-negative suhsolution of a {u, u) = 0, u G 'Dioc [O] , Vf G [O] . 



Define r suP 777 



B{x.2R) 



cq{x) 



the 



^ 3 ci(§) 
ess supw < CT - — 



m(B) 



u^'m (da;) 



where a — ^, p > 2 and 



^2 »/^>2 
any value if i' < 2 



Proof. We prove the result for a bounded non negative subsolutions. Let (3 > 1 and 
< Af < 00, define Hm (t) = tf^ for t G [0, M] and Hm (t) = Alf' + (iM^-^ [t - M) 
for t > M. For fixed M define 

ttfc(a;) 

0fc (a;) = r; (x)^ / (tf dt 



and 



a {u, 4>) := / /I (m, 0) (c?x) = j fi \ u,rj (x)'^ / i/^j (i)'^ I (dx) < 0, 



then 



J fi[u,r] {xf J H^i {tf dt ) (dx) ^ J ^(u,r/ (xf) J h'j^j (tf dt (dx) 
X \ / X ^ ^0 

(2.1) + / M f / H',, {tf dt] ,7 {xf {dx) = 



X 



J 277Ai ??) / H'^i {tf dt {dx) + J fi{u, u) H'^^ {uf rj {x)^ {dx) < 0, 
X X 
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and therefore 



(2.2) |^liu,u)H'J,.J{uf7^ixf{dx)<2 



X 



r]^i{u,T]) J Hj^.j{t) dt 





(da;) 



Taking account of the inequahty 

2\fg\\^x{u,v)\<f^l{u,u)+g^'^l[v,v) 

we get 



2|/i(M,77)| 



7? j H^Atydt 





1 



{dx) < ^fi {u, u) rfHj,! (uf + 2n (77, rj) 



^ ' {tf dt 



and putting into (2.1) we have 



- j n{u,u) Hj^i {uf ri{xf (dx) <2 / ^J.{T],r|) 

X 



{dx) 



(2.3) 



< 2 / ii{ri,'q) uHm {u) {dx) 



X 



Let us consider 77 as a cut-off function s.t. for ^<s<t<lB{x, sr) C B {x, tr) C 
7? CC X, 77 = on X - B (a;, ir) , 77 = 1 on B (x, sr) , < 77 < 1 on X. Then 

/ ^ {Hm {u) , Hm {u)) 77 (x)^ {dx) < J n {Hm {u) , Hm {u)) 77 (x)^ {dx) 



< (t_t°^,.2 / \uHIj {u)] m {dx) 



Bt 



With the result of ( pT^ ) , applied to iJjvf (u) , one gets 

^(gj / l-^Af (w) - ^Af (?/)Bj''w(da;) j < ct^ci (sr) sr 



m(S, 



^ / /i (i/Af (u) , {u)) 



< CT^ci (sr) sr ^^_fy2^2 J uHm {u) m (dx) j 

<cr'V40cUsr)j^{^y (^;;^/ [7.i?;, (7.)] ' 777 (dx) 
<cr3V40ci(sr) (^(i)^ (^J [uHMiu)]'m{dx)j 
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The average of Hm (u) on is defined by: 

(ivHm (u) = J Hm (w) m {dx) < {^Y / Hm (w) m (dx) 



Bs 



<^(i)' UiW-^ 



Recall that m (St) < r'^m {Bs) (^Y and i?M (w) < W-H^m (") • Therefore 



^ / \HM{u)\Um 



< c 



J \Hm (u) - Hm (w) b I" rfm 



I \HM{u)Bfdm 



< 



(I) * + l) / in)] " m {dx 



where in the last expression we have included all irrelevant constants into c. Prom 
the fact that + 1 < 2 ^^f^^ , > 1. Therefore due to uHj^ (u) < uPu^~^ = 



(iu^ , Hm (u) > w^j.^^j, we obtain by letting M — > oo that 



m{B, 



[Bs)l 



u'^^dm 



< crM - 



/ /?ci (sr) 



s) \ {t-s) ) \m{Bt) 



Raise both sides to the power 4 and putting 2/3 = r and q = 2a we have 



< c 



m{Bt) 



u^m {dx) 



Bt 



Now, starting from fixed a and p, | < a < l,p > 2 iterate this inequality for t 
and s successive entries in the sequence sj = a + = 0, 1 . . . , and f and af 

successive entries in {cr^p} , recalling that cr > 1. If wc denote aj = ^ the 
conclusion of the lemma is a consequence of the estimate of 



logn 



V Sj J 
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where we have used the fact that 



a+ 



1. Therefore 



(j+i) 



Er=o ^ log (^-'ci p) + Ef^o log (^^«. 

2 



< I ^ log (cr^ci (i) p) + Er=o ^ log + Er=o [2 log (j + 2) + log ^ 
< log (cr^ci (i) p) + ET=o log^^ + 1^ log + 4Er=o 



and at the end 



n 

J=0 



< 



;^log(T^'^i (§)' 



< CCi 



©- 



where we used the following inequalities log [aj) < 2 log {j + 2) + log jr^i < c 
for p > 2. The general case can be obtained if we apply the above result for p = 2 
to the truncated subsolutions and we obtain that u is locally bounded. Coming 
back to the previous result, we obtain the Lemma ^ by an approximation by 
truncation. 

Lemma 2. With the same notation and hypothesis as in Lemma (|^) and — oo < 

p < +00, 



ess supw'^ I < — — — — / u'^m [dx^ 



Proof. It is sufficient to consider —oo<p<2. Define (j) (x) — rf' [x) {x) , rj (x) > 
0, -oo < /? < +0O. Then 

0> Jx (^': 4') {dx) = /x M {u, ri^u^) (dx) ^ if^ (u, m'^) (da;) + u'^/z (u, if) (dx) 

— [3u^~'^Tf'^ {u, u) {dx) + u^2ri^ {u, rj) {dx) . 
Observe that for P ^ —1, we can write 

4/3 



{0 + 1)^ Jx 



Tf^i{u'^^^,u'^^^^{dx)^ j (iu^ ^r]'^fi{u,u){dx) 



and 

2 J^u^u^rjfi (77, It) {dx) = J^f^[u'^,v) u'^Tj{dx) . 

Then, 

-/ (3u'^^^rf'p{u,u){dx) <2 I u'^r]fj,{r],u) {dx) , 
Jx Jx 

but 

JxPu'^'^Tft^{u,u) {dx) = j^p[^ JxV^t^ {dx) 



< 
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Taking absolute values gives 



(2.4) 



(/3 + 1) 



X 



fi ^ ,u 2 j (dx) < J u 2 rjfi 2 ,rij (ax) ; 



recalling the fundamental inequality 2 |/i (u, w)| < f'^fi(u,u) ^ [v , v) , we 
have 



U 2 f] 



2\fg\\ti{u,v)\ 

Then, from ( p.4D it follows that 

.2 



m 



21/3 + 11 



2|/?+l|' 



that is 



■q 



X 



This is the same as (1.2); beginning from the Sobolev inequality applied to u 2 
with the same meaning and definition of the cut-off functions 77, one gets 



13 + 1 
U 2 — M 2 



m (dx) < CT^Ci [sr) sr 



< 



cr^Ci (sr) sr ^ 



(2.5) < CT 



<^ „_2 ciisr)s ( 1/3+11 



2C1 (sr)s /|/3 + l| 



t - s 



2 1/31 



1 



■m{Bt) Jb, 



Evaluating the average of u 2 on Ss, one gets 



(2.6) avu 2 — — - — 

By Holder inequality 
-2 /i 



u 2 m [dx) < 



m (Bt) \s 



u 2 m [dx) < 



m{Bt) \sj Jb^ 
Putting together (E]a) and (^.6|), we see that 



m{Bt) Jb 



u^^^m (dx) 



u 2 m (dx) 



u^^^m {dx) 



m(B, 



U 2 



m (dx) 



m(B, 



B,) I 



/3 + 1 -i±l 
U 2 — U 2 B^+U2 



TO (dx) 



< c 



2{B^, 



|3 + 1 

U 2 — U 2 g 



(^2;) ) + ( J 



U 2 s 



TO (dx) 



< cr 



t-s 2\(3\ )\s) \m{Bt)JB, ^ ' 
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Setting /3 + 1 = f and q — 2a, we see that for any r with — oo < f < 2, ?~ ^ 0, 1 



<< CT 



_3 ci (sr) s \f\ 
t-s 2|f-l| 



1 



m [Bt) Jb, 



u^^^m (dx) 



We use the iteration argument with any fixed p as a starting value of f, with 
-oo <p <2,p^0,l. 

a): p < r — a^p — s- — oo 



< n{(c^'ci {sjr)a,a^\p\ + l)y' 



'IpI 



Then, after the conversion to the log of the previous quantity we have 
log n,^o { (c^'ci is,r) a,a^ |p| + l) } ^ = ^ log { {cr^c, (s^r) a,a^ \p\ 

= Er=o Jifi [log (^ .,(.;)^H+i ) + log (r'c, b| + 1)^ 

< i°g (-'^1 (i) \p\ + 1) + Er=o 4^ [log 



1)} 



■E 



IpI 



log c 



(j + 2)a^" 



(ci (sjt) r3 IpI + 1) (1 - a) 



< 



2a 



(a-1) IpI 



log 



CT 



^ci (i) IpI 



(l-a) 



b): <p < 2 

oo 2 



^ci(i)p+l ^ 
(l-a) 



Lemma 3. Let the hypothesis of Lemma (|^) hold, except that now u is a non- 
negative supersolution of a [u, v) — 0. For ^ < a < 1, define k = k {a, u) by 



\ogk 



m (Ba) 



(logw) dm. 



Then for A > 0, 

m { { X Ba 



log 



u (x) 
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•2 

Proof. Letting ^ = it follows that ||(/)||q is bounded. We observe that 

< M {u, (p) (dx) = Ai (u, (dx) = 

Ix '7^/^ h) (.dx) + i/i {u, yf) {dx) = r?V u) (-:^) (da;) + i/x (u, ??) 2j? (da;) 
This implies that 

J r]'^^i{u,u) ^-^j (da;) < 2 y" ^iJ.{u,r])r]{dx) 

Taking the absolute values and recognizing the gradient of the log to the left side, 
we have 



/ ry^/U (log M, log m) (da;) < 2 / 
Jx Jx 



{dx). 



Recalling the usual fundamental inequality, we obtain that 



1 



\fJ-{u,v)\ < 



1 fr] 



2 \u 



fi{u,u) + 2fi {t],t]), 



then i rj^fi (log u, log u) (dx) < 2 fi (rj, rj) (dx) . If we choose as a cut-off func- 
tion = 1 on Be s.t. \lJ.{rj,r])\ < -pn^^y^! where 6 is a constant, we get 

bm (Ba) 



[ |M(logu,logu)| (da;) < ^--2-— / m{dx) = 

J {1 — a) r'^ J 



(1-a) r2 



By the Poincare inequality, 



/ I log u — log w I m (dx) < cc\ (r) r"^ J fi (log u, log u) {dx) 



It follows that 



avs<,(logu) = — -^^fT-T [ {\ogu)m{dx) ^\ogk. 
m [rSa ) J 



Therefore, by including in c every other inessential constant 

m{Bka) 



/|log u — logkf m {dx) < ccf (r) ^ 
(1 — a)^ 



By Chebyshev's inequality, for A > 0, 



({ 



bu(x) 



> A 



})<jl H^\m{dx) 



< 



i( / |logf|'m(dx)) m{B^)'^ < j^{ccl{r)^^f m{B^)i 



1 / fc-^ccf (r) 
\{l-af 



m(Ba) m{B^)^ < -t 



cc\ (r) 



A 1(1-") 



m{Bo). 
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Lemma 4 (Moser). Q Let c\ (r) , cq (x) and f (x) be non-negative bounded func- 
tions on a ball B and in particular let cq {x) belong to L"^^ (Xq) together with Cq^ (x); 
Ci (r) be a decreasing function of r . Assume that there are constants D, d so that 

(a) : esssup(/^) < ( m(Bt) I /^'ti (da;) for all s,t,p with < p < and 

i < s < f < 1, where fi — t^ci (0 

(b) : m (jx e Bi : log f (x) > a|) < c^to(B), VA > 0, where fx = rci (§) . 
Then, there exists a constant 7 = 7 (c, d) s.t., 

(2.7) ess sup / < exp7/i^/i'. 

Proof. Replacing / with and A with A/i, we simpHfy the hypothesis to the case 
/i = 1. Similarly, we may assume that m{B) = 1 and the result will be valid 
for /i = 1 too. Define f (s) — sup log / for ^ < s < 1, which is a nondecreasing 

function. Decompose Bt into the sets where log / > ^f{t) and where log / < ^(p{t) 
and accordingly estimate the integral 

(2.8) / fPrn (dx) < e?"^ — + e^* 



Bt 

where — ip (r) and we have used 

(2.9) m(^[xGByAogf{x)>x})<j 

and the normalization m (B) = 1. We choose p so that the two terms on the r.h.s. 
are equal, i.e. 

(2.10) P=lMB^ 

provided that this quantity is less than 1 so that < p < fi^^ = 1 holds. 
^ log (^) < 1 means that c > ^e~~, but ^e~~ assumes its maximum at the 

value If = 2 and this means that max(^e^^) — e~^. Therefore, if c > e~^ then 
p < 1; otherwise this requires that (p — Lp(r) > ci depending only by c. In that 
case, we have 



(2.11) / fPm{dx) < 2eP: 

and hence, by Hp a) 

(2.12) ip{s)< -log 

P 

and by (|]l^ 




(2.13) <^(s)<^ 



d 



log^i^ 



2cJ 
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If (t) is so large that the first term in the parentheses is less than i, i.e. if 
(2.14) 



log 2 



t- s 



< 



'MB 



t- s 



< 



2c 



(f (t) > 8c 



t - s 



2d 



then clearly (p (s) < j(p (t) . Anyway, let us distinguish the case when p > 1 or 
(2.14) fail. This means that: 



1. if p > 1, but (2.14) is still vahd, then c < 2 ; therefore 



c < 4c 



t- s 



2d 



ce 2 < 4c 



t- s 



2d 

, but ce 2 > (y3 < 4c 

2d 



t~s 



2d 



2. if ( |2.14| ) is violated =^(p{t) < 8c (^j^^ ' 
In any case (p (t) < 8c I ) . Since f {s) < ip (t) , we have in both cases that 
(2.15) 



4 (t - s) 



where 71 = 71 ( c, d) . For every sequence 5 < sq < si < < < 1, we iterate 

the inequahty (2.15) : 



Step 1) 



1. 



'P(si) < ^V'(S2) 



^(so) < -(/?(si) + - 

4 (si - So) 



u f 4 4 7i/i 

2^' ""'^t -(^ (so) — 

(s2 - Si) 3 3 (5^ _ So) 



2d 



< p{si) then 



^(.o)-|(jf^<!^(.2) + 7£^ 



^(so)<(|)V(52)+7iA''((^7zfe 



(^2-^1)"'' 

3 1 



(S2-Sl)^ 



^(^^)<l^(^3)+(;;^ 



(|)^(^o)-7iA^Mt)'((I73^ 



< </'(s2) 



^ (so) < (I)' ^ (S3) + 7im' ( (173^ + t (11^ + (t)' (11^) 



<p(so)< t) ¥5(sfc) +71/1^^ 



2d ■ 



By monotonicity, we have ip (s^) < </? (si) < cx3 and letting k — > 00, we obtain 



^ ) < 7iM' 



1 



(Sj + l - Sj) 



2d ■ 
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The r.h.s. will converge if we choose, for example, Sj — 1 



3 - 2(l+j) 
2d 



sup/ < eT'' 

Bi 



Proof of Harnack Inequality. (for 6 > 0)Let , ( |l.2| ) and (L4) hold, u be a 
non-negative solution of a {u, u) = 0, u G Aoc [C] , Vu e I?o [C] • We wish to apply 
Lemma (0) to both u/k and k/u, with /c defined by 



(2.16) logA: = — J r- / (log u) m (da;) . 

Assumption (b) of the lemma holds by applying Lemma (||)to B2a C O; because 
of the presence of an absolute value in the same Lemma and since log(u/fc) = 
— log(fc/u), assumption (b) holds for both u/k and k/u. Assumption (a) holds by 



/u) 

Lemma (|l|) applied to u/k with d = We obtain from (^) both 

ess sup (li/fc) < e*^^^', ess sup (/c/m) < e"^'^^' 

i i 

and the result follows by taking the product of these estimates, that is 

2 / 

ess sup u < e^'^ ^ essvaiu. 

Bi Bi 



Proof of Corollary. We may assume without loss of generality that R < i?o/4, 
R 

4 



with i?o < 1 and r < -j in such a way that B{x,4:R) C B{x,Ro) C O. Let us 
define 



Mfi = supu mji — iniu Mr — supit rrir = infu. 

Br Br Br- 

Then by applying Harnack inequality to the functions Mr — u, u — mji in Br, we 
obtain 



Mr-u< sup {Mr -u)< e'^'^^^'^'^inf [Mr - u) = Mr - Mr 

and 



u — niR < sup {u — tur) < e'''^^^''"^inf {u — mR) = — vtir 
Br 

Hence by addition, 

Mr -mR< e'''"("=''') {Mr - Mr + rUr - TUr) 

so that, writing 

uj (r ) = oscu — Mr — rrir 

Br 

we have 

(2.17) w(r) < (l-e-'^^("^"')cj(i?), 
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with iL!{R) — w (4r) . The apphcation of Lemma 6.5 of gives the foUowing 
inequahty 

(2.18) iu (r) < exp J e^T^^^-^)^ j to (R) . 

Let suppose that fi (x, p) o log log , then 

uj{r) <exp ^-c/e-'^^(^'p)^-c/e-'^''(^^'')^j w(i?), 

i?. 



that is, 

(2.19) ^(,)<eli^c.(i?). 

(log 7) 
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